This paper develops a general control algorithm for precision output tracking of nonlinear non-minimum phase dynamics of an autonomous three degree-of-freedom unmanned helicopter. Previous approaches in flight control literature have shown approximate tracking by neglecting the coupling between the forces and moments generated by the control effectors. However, it is shown that this coupling is significant in the model under study and cannot be neglected. In this paper the coupling is retained and natural time-scale decomposition of the vehicle model is employed for accomplishing asymptotic tracking. The design procedure determines the desired internal state trajectory and the control scheme to stabilize the helicopter in hover. Stability is analyzed using Lyapunov methods and results show that the approach is able to accomplish perfect tracking while stabilizing the closed-loop system and keeping all closed-loop signals bounded. 
Nomenclature f , g, h sufficiently smooth vector fields s intermediate variables of the system u control input vector of the system x slow variables of the system z fast variables of the system a 1s
longitudinal tilt of the tip path plane of the main rotor with respect to the shaft, rad F x body force in the forward direction, N F z body force in the vertical direction, N g acceleration due to gravity, m/sec 1 Some common studies include acceleration control of tail-controlled missiles, 2 control of planar Vertical Take-off and Landing (VTOL) aircraft 3 and Conventional Take-off and Landing (CTOL) aircraft. 4 This paper examines the internal dynamics and synthesizes a stabilizing controller for a three degree-of-freedom longitudinal dynamics of an autonomous helicopter.
Hover control of a helicopter is one of the most challenging non-minimum phase control problems. To qualitatively analyze this behaviour consider the helicopter shown in Figure 1 . The motion of the helicopter is described in North-East-Down frame shown as (X, Y, Z) in the figure. Assume that the helicopter model is allowed to pitch only about the Y axis. T M and T T are the thrusts generated by the main and the tail rotor respectively that keep the vehicle aloft. The angle a 1s is the longitudinal tilt the tip path plane makes with respect to the shaft of the main rotor. Side view of Figure 1 shows that non-zero tilt induces a component of the main rotor thrust along the horizontal X axis and consequently the helicopter propels forward. Hence, in order to remain in hover the main rotor thrust and the angle a 1s need to be controlled. However, changing this angle has another consequence. The forward component of the thrust that it creates induces a clockwise pitching moment about the center of gravity of the vehicle causing the nose to drop. In order to remain level, the angle a 1s needs to be corrected. But doing so alters the forces acting on the helicopter and the vehicle departs from hover. For the helicopter under study, it will be shown in Section II that desired T M and a 1s required to maintain hover lead to unstable oscillatory pitching motion.
Previous studies for hover control assume that the dynamical behaviour of a helicopter is similar to that of a VTOL aircraft as both these vehicles have direct control over the aerodynamic lift. Hence several studies employ the control developments proposed for VTOL aircraft.
3 Formulation in [3] assumes that the force contribution from the longitudinal tilt angle a 1s is negligible. Such a simplification removes the coupling between the forces and the pitching moment and makes the resultant dynamical model; approximately input-output linearizable. Reference [5] used feedback linearization for stabilizing the resulting approximate model in order to guarantee bounded transient errors. More recently back-stepping has been used for control of small autonomous helicopters. 6, 7, 8 Other control techniques based upon the approximate model include dynamic-inversion 9 and neural-network based adaptation. 10 In order to mitigate the limitations due to under-actuation some techniques take advantage of the inherent multiple time-scale behaviour of helicopters. Reference [11] compared linear and nonlinear control designs for the approximate model using the fast rotational dynamics as virtual control variables. A similar approach was proposed in [12] wherein Lyapunov based methods were used to guarantee stability of a radio/control helicopter model using the approximate dynamics.
As a consequence of neglecting the coupling between the forces and the moments, application of aforementioned methods is limited in operating regime and to reference commands that do not require to be precisely followed. Exact output tracking was demonstrated by retaining the coupling terms in [13] through stable-inversion of a linear helicopter model. This inversion computed the desired input-state trajectory that along with feedforward and feedback control led to asymptotic output tracking. Approach in [13] emphasized that internal-state feedback is necessary to stabilize a non-minimum phase system. However, the method required an infinite time preview and knowledge of the complete output trajectory beforehand.
From the above discussion it is understood that helicopter control design poses three major challenges. First, the coupling between forces and moments generated due to rotor is significant and must not be ignored during control design.
14 But retaining this coupling makes the system non-minimum phase and difficult to stabilize. Second, a non-minimum phase system cannot be asymptotically stabilized in real-time with available control techniques and control design requires substantial offline processing. Third, current realtime implementable approaches that are independent of the reference trajectory are limited in performance and operating regime. This paper presents a control design procedure that addresses the above technical challenges and validates the general nonlinear control procedure developed by the authors in [15] , [16] for a three-dimensional longitudinal model of an autonomous helicopter. The paper makes three major contributions. First, the control design takes advantage of the natural time-scale separation and unlike the techniques discussed in [11] , [12] the coupling between the forces and the moments of the helicopter model is retained. It is shown that this coupling allows design of a sequential procedure for computing the desired internal states that ensure asymptotic output tracking. Second, the full-state feedback controller designed is real-time implementable and is independent of any particular operating condition and desired output trajectory. Third, the controller designed is causal and does not require any knowledge or preview of the output trajectory beforehand.
The paper is organized as follows. Section II describes the helicopter model under study and examines analytically the non-minimum phase properties of the vehicle. The nonlinear control design and stability of the closed-loop system is analyzed in Section III. Simulation validation for hover control is discussed in Section IV. Finally, conclusions are presented in Section V. 
II. Model Description & Open-Loop Analysis
In this section the governing equations of the helicopter model are presented. Then, the exact inputoutput linearization of the model is carried out and it is shown that the system has oscillatory internal dynamics. The effect of neglecting the coupling between the forces and moments is also discussed. Finally, a time-scale analysis of the model under study is carried out and essential concepts of singular perturbation theory recalled.
A. Vehicle Description
The helicopter model is written with respect to earth-fixed inertial coordinates. The forces and the moments act in the body frame (see Figure 1 ). The origin of the body fixed frame is the center of gravity of the platform and it is assumed that this moves with the motion of the fuselage. Reference is made to the nomenclature for the meaning of the symbols. The three degree-of-freedom equations of motion of a symmetric helicopter model in hover (assuming the lateral/directional components are in equilibrium) are as follows
From a rigorous standpoint, the above set should be augmented with dynamic equations of longitudinal flapping. However, it is assumed that the time-constant for the flapping of conventional rotor blades corresponds to one-quarter of a rotor revolution [17] [pp 558-559]. This justifies the use of rigid-body equations for describing the motion. 
The body forces (F x , F z ) and pitching moment M are generated by the main rotor and controlled by T M , main rotor thrust and a 1s longitudinal tilt of the tip path plane of the main rotor with respect to the shaft. The aerodynamic model given below is taken from [5] .
(2a)
with the system parameters given in Table 1 .
B. Exact & Approximate Input-Output Linearization
The non-minimum phase properties of the model under consideration are analyzed by studying the inputoutput relationship. The desired outputs for the control design are the inertial coordinates of the vehicle, namely (x, z) pointing north and down respectively. Control inputs available are the main rotor thrust T M and longitudinal tilt a 1s . Taking second derivative of each output,
it is found that the relative degree of each output is two. This implies that the rotational dynamics given in (1c),(1d) constitute the internal dynamics of the system. In order to analyze the internal stability of the system, the zero dynamics of the system needs to be examined. Toward this end, the control vector (T M , a 1s ) that constraints the outputs and its derivatives on the origin is computed. From (3) and the aerodynamic relations given in (2) the following solution is determined.
Using the moment relation given in (2c) and the constrained control solution (4) the zero dynamics are characterized by the following equationṡ
The stability of the above system is analyzed by linearizing about the trim values θ * = 0.018rad and q * = 0rad/sec.
The linearized eigenvalues are ±12.0439j and no conclusions about the stability of the system can be drawn. Rewrite the internal dynamics (5a) and (5b) as
to notice that the pitch-attitude dynamics does not contain any damping terms. In order to analyze its stability consider the quadratic positive-definite Lyapunov function
The rate of change of the Lyapunov function along the trajectories of (5) iṡ
. This observation along with the parameters given in Table 1 conclude thatV θ < 0 on the set {θ ∈ [−0.0509, π/2] q ∈ [0, ∞)} {θ ∈ [−pi/2, −0.0509] q ∈ (−∞, 0]}. On this set (θ * , q * ) is the only equilibrium point and hence from the Poincaré-Bendixson 18 criterion it is concluded that a family of periodic orbits exist. This conclusion is confirmed in simulation and the results are presented in Figure 2 . In fact the conclusions drawn from the Poincaré-Bendixson criterion are conservative since the simulation shows that a continuum of periodic orbits exist for the complete state-space. Thus the control inputs that stabilize the inertial position of the helicopter excite the periodic behaviour in pitch and exact input-output linearization is not a desirable control solution for the longitudinal model under study.
Notice the non-minimum phase behaviour is due to the nonlinear coupling between forces and pitching moment denoted by h(θ) in (8) . This coupling comes through longitudinal tilt solution determined in (4) that produces the required translational forces. This dependence is explicitly seen by expanding the force terms on the right-hand side of (3).
In the above equations X f and Z f represent the forces in the inertial plane acting along the north and down directions respectively. Approximate input-output linearization of the output dynamics is possible by neglecting the dependence of the longitudinal tilt on the forces. The approximate forces thus obtained are
The exact and approximate forces acting on the helicopter under study is shown in Figure 3 for hover simulated in Section IV. Initially the helicopter is flying at an arbitrary flight condition and the forces are non-zero. Notice after two seconds the vehicle enters steady state and the exact horizontal and vertical forces become identically zero. However, the approximate horizontal force remains non-zero. The error between the exact and the approximate forces is shown in Figure 4 . The error is over 100% in the horizontal forces while negligible in the vertical forces. This conclusion is consistent with the fact that rotor blade tilt induces a horizontal component of force in the helicopter and is not negligible. As mentioned in the introduction some studies use the approximate form given in (10) for control design. However, this large error limits these methods to guarantee only local bounded tracking. In this paper, the coupling terms are retained and asymptotic tracking is guaranteed.
C. Time-Scale Analysis of the Helicopter Model
In this section, an important observation regarding inherent time-scale characteristics of the model under consideration is made. This is done by studying the rate of change of the non-dimensional system equations. Toward this end, define a set of reference parameters (t 0 , x 0 , z 0 , u 0 = w 0 = V 0 , θ 0 , q 0 , m 0 , F x0 , F z0 , M 0 , g 0 , I y0 ) and denote the respective dimension-less quantities aŝ The original dimensional equations given in (1) are transformed into non-dimensional form using definitions given in (11) .
Without loss of generality assign 
where F x0 = F z0 = m 0 g 0 has been used. Notice that for any reasonable value of the mass of the vehicle 
Notice the above equations indicate that the rotational dynamics evolves faster than the translational counterpart. Such class of dynamical systems are called singularly perturbed and their analysis is carried out using singular perturbation theory. The above equations can be cast in the following compact forṁ T is the control input to the system. The singular perturbation parameters and 1 characterize the different time scales in the system and satisfy 0 < < 1 << 1. For presenting the concepts of singular perturbation theory, consider the two-time scale counterpart of (15)
The system considered in (16) is labeled the Slow System and the independent variable t is called the slow time-scale. This system is equivalently written as the Fast System
where represents derivative with respect to fast time-scale, τ = t−t0 and t 0 is the initial time. Note that in the slow system the slow states evolve at an ordinary rate whereas the fast states move at a rate of O 1 . In the fast system the fast states evolve at an ordinary rate and the slow variables move slowly at a rate of O( ). Geometric singular perturbation theory 19 examines the behaviour of these singularly perturbed systems by studying the geometric constructs of the reduced-order models which are obtained by substituting = 0 in (16) and (17). This results in reduced slow subsysteṁ
and reduced fast subsystem
The dynamics of the resulting reduced slow subsystem are constrained to lie upon an six dimensional smooth manifold defined by the set of points (x, u) ∈ R 4 × R 2 that satisfy the algebraic equations (18b):
This set of points is identically the fixed points of the reduced fast subsystem (19b). Furthermore, the flow on this manifold is described by the differential equationṡ
if the reduced fast subsystem is stable about the manifold M 0 . If the dynamics of (21) are locally asymptotically stable about the manifold, then it can be concluded that the complete system (16) is also locally asymptotically stable.
20

III. Control Formulation and Stability Analysis
Singular perturbation theory concludes that the stability properties of the vehicle depend upon the identification of the manifold M 0 for the internal states (θ, q). In general time-scale control approaches [21] [pp 315-320] solve the nonlinear set of algebraic equations (18b) for the manifold first and then design a stabilizing controller for the reduced system given in (21) . Note however that for the helicopter model the moment equation (1d) is nonlinear and may possess multiple roots for the pitch-attitude angle. For a problem wherein the operating region is known apriori then one of these roots may be chosen. But this process soon becomes cumbersome and requires substantial vehicle knowledge. Additionally, this procedure restricts the results to local operating regimes. The authors have studied this problem for general singularly perturbed systems in [15, 22] . In this paper an alternate approach is proposed that ensures uniqueness and the global nature of the results by considering the fast states as additional control variables. This allows computation of an unique reference for the internal states and maintains complete system stability. These ideas are mathematically formulated and analyzed in this section.
A. Control Synthesis
Using the procedure described in Section II.C, the reduced slow subsystem for (1) is obtained as
where θ d and q d are manifolds to be determined. Take additional derivatives of the position coordinates to rewrite (22) as
Equation (23) shows that the pitch-attitude angle along with the control variables effect the position dynamics. Thus, employ the pitch-attitude angle and the main rotor thrust T M to accomplish the control objective. Toward this end, rewrite (23) as
Note in forming the reduced slow subsystem the fast variables have been assumed to be on the desired manifolds (θ d , q d ). Hence, the longitudinal tilt used in the design of slow control variables is a function of these desired manifolds. Further, define the tracking errorsx := x − x r andz := z − z r . Let the desired dynamics be specified as
Combining (24) and (25), the following relations are obtained
Remark 1. The choice of using main rotor thrust, T M over the longitudinal tilt for stabilization of the reduced slow subsystem was made considering their actuation time constants. It is well understood that thrust generation takes longer than rotation of an actuator surface or in this case the rotor blade. While previous work of authors in References [22] , [23] assumed infinitely fast actuators, this paper helps in assigning control tasks according to actuator bandwidth.
Equations (26) and (27) complete the design for the slow variables of the system. Notice however that the manifold q d is unknown at this point. Toward this end, formulate the intermediate subsystem as
where˘is derivative with respect to t−t0
1
. The manifold q d must be designed to ensure the pitch-attitude follows θ d . This can be satisfied by the following relation obtained using dynamic inversion
where K θ is the feedback gain. The desired manifolds given in (27) and (29) depend on the longitudinal tilt a 1s which is unknown. From the discussion detailed in Section II.C, it is known (29) is a fixed point of the Reduced Fast Subsystem
Thus, it is required that the following relation holds for all time
where K q is the feedback gain. Rearrange (31) using the definitions in (2c),(27) and(29) to get
The nonlinear equation in (32) is solved for the control a 1s using the small-angle assumption
whereq := q − q d . For completeness substitute (33) back in (27) and (29) to compute the desired internal states
This completes the control design procedure.
B. Stability Analysis
The following theorem summarizes the main result of the paper. Theorem 1. Suppose the controls T M and a 1s of the system (1) are designed according to the feedback relations given in (26) and (33). Then for initial conditions in the operating region |θ| < 15deg, |a 1s | ≤ 25deg and 0 < T M ≤ 69.48 the control uniformly asymptotically stabilizes the non-minimum phase helicopter model (1) and equivalently drives the states x(t) → x r (t) and z(t) → z r (t) keeping all other states and control inputs bounded.
Proof. The closed-loop system system in error coordinates is given aṡ
is the moment obtained after making the small-angle approximation in arriving at (33). The closed-loop system is equivalently written aṡ
Using the relations in (25), (29) and (31) rearrange (36) to geṫ
Closed-loop system stability of the system states is analyzed using the Lyapunov function approach. Consider a positive-definite and decrescent Lyapunov function candidate
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IV. Simulation Study: Hover Control
The purpose of this section is to illustrate the preceding theoretical developments and demonstrate the controller performance for an autonomous helicopter model. The reference trajectory and all its derivatives are set to zero to illustrate the stabilizing performance of the controller for the open-loop non-minimum phase system (discussed in Section II.B). The feedback gains were chosen to preserve the time-scale nature of the helicopter model α = α 1 = 2,β = β 1 = 1, K θ = 3 and K q = 10. The various constants for matrix K are µ 1 = µ 5 = 0.082, µ 2 = µ 6 = 0.245, µ 3 = 2.26, µ 4 = 0.755, µ 7 = 1.06, µ 8 = 0.5 and µ 9 = −4.68. The corresponding eigenvalues of the matrix K are λ 1,2 = 0.00, λ 3 = −1.65, λ 4 = −1.99, λ 5 = −8.62 and λ 6 = −22.39 and Theorem 1 guarantees asymptotic stability. The initial conditions chosen were x(0) = −2m, z(0) = 2m, u(0) = w(0) = 0m/sec, θ(0) = 15deg and q(0) = 30deg/sec. Figure 5 and Figure 6 Notice that the large initial condition errors die out within the first 6seconds. The forward velocity is increased in order to correct the error in forward position. Close output tracking is a result of precision desired manifold following by the internal states. The pitch-attitude angle settles down to the trim value of 0.018rad(1.03deg) that is automatically computed by the manifold (34a). The time-scale behaviour of the system states is apparent in the time histories. Notice that the pitch-rate starts to follow the desired manifold within 2seconds followed by the response of the pitch-attitude angle closely tracking the desired manifold within 4seconds. The transient errors of the slowest and also the outputs of the problem under study die out in 6seconds. The control inputs are shown in Figure 7 . The control inputs settle down to the trim values T M = 48.02N and a 1s = −0.018rad(−1.03deg) once the system errors have stabilized about the origin. The two-dimensional trajectory of the helicopter is shown in Figure 8 . Initially the helicopter corrects the large error in the pitchattitude angle. This is done by reducing the requirements on pitch-rate and in turn the longitudinal tilt. After this correction, the vehicle starts climbing to the desired hover position. From then on, the helicopter remains in hover. 
V. Conclusions
A control formulation for output tracking of an autonomous nonlinear non-minimum phase helicopter was developed. The desired internal-state reference and feedback control to stabilize the unstable internal dynamics were computed using the inherent time-scales of the system. Controller performance was demonstrated through numerical simulation for the helicopter in hover.
Based on the results presented in the paper, the following conclusions are drawn. The final output tracking error for the positions remained within |0.0010|. This perfect output tracking was a result of perfect internal state tracking that was achieved by the nonlinear feedback law. The results of Theorem 1 are restricted in operating regime due to the small angle approximation made in (33). Unlike previous approaches this limitation is not due to simplifications made to the dynamical model and can be improved by use of nonaffine control methods. In fact the conclusions regarding operating region of the controller from Theorem 1 are conservative. As shown in the simulation section, the controller demonstrates stable performance for a large operating region. Additionally, the controller is causal and does not require any prior information or preview of the desired reference.
